Magnetic Force Exerted by the Aharonov-Bohm Line 
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The problem of the scattering of a charge by the Aharonov-Bohm (AB) flux line is reconsidered 
in terms of finite width beams. It is shown that despite the left-right symmetry in the AB scattering 
cross-section, the charge is deflected by the AB-line as if by the "Lorentz" force. The asymmetry 
originates from almost forward scattering within the angular size of the incident wave. In the 
paraxial approximation, the real space solution to the scattering problem of a beam is found as well 
as the scattering S-matrix. The Boltzmann kinetics and the Landau quantization in a random AB 
array are considered. 

PACS numbers: 03.65Nk, 67.40.Vs 
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The Aharonov-Bohm (AB) flux line is an idealized con- 
struction originally designed to discuss the role of the 
vector potential in quantum mechanics The mag- 
netic field around the AB-line is zero but the gauge vec- 
tor potential is finite being generated by the magnetic 
flux $ concentrated in the line. Nowadays, the AB-line 
is very popular in various contexts: As a carrier of Chern- 
Simon's field, the AB-line attached to a particle allows 
one to build two-dimensional objects obeying a fractional 
statistics (anyons), or composite fermions in the theory of 
strongly correlated electronic systems (Quantum Hall Ef- 
fect or high-T c oxides). In many respects, vortex lines in 
superfluids are similar to AB-lines: The superfiow around 
a vortex line in He — II acts on a normal excitation like 
the vector potential of an AB-line on a charge. Problems 
of the vortex dynamics, e.g the existence of the Iordanskii 
force ||, are currently under active debate 

There exists a vast literature on a charge interacting 
with an AB-line (for a review see Q ) . Surprisingly, there 
is a question which is still controversial. One can formu- 
late the question as: Does the AB-line exert a Lorentz- 
like magnetic force on a moving charge? Or, in other 
words, whether the charge is deflected right-left asym- 
metrically revealing the absence of the mirror symmetry 
(V) broken by the magnetic flux. Despite the fact that 
the exact solution to the AB-line scattering problem has 
been known since the original paper of Aharonov-Bohm 
0, there is no common opinion on the subject. Different 
people give opposite answers saying: 
No: Any effect of scattering can be expressed via the 
differential cross-section da /dip , ip being the scattering 
angle. The cross-section known from 



da 

dip 



A sin 7r$ 
2^ sin 2 f 



(1) 



is ip — > —ip symmetric, and, therefore, there is no left- 
right asymmetry in the outgoing wave ($ = <3> / <I>0: 
$o = hc/e, and A = l/k is the particle wave length). 
The net transverse momentum transfer must be zero to- 
gether with the Lorentz force. The only way to reveal the 
broken V is via the interference of the AB- and potential 



scattering as e.g. discussed in @]. 

Yes: Any effect allowed by symmetry is there. The sym- 
metry of the problem is that of a charge in a magnetic 
field and the transverse force must be finite. As far as 
calculations are concerned, the force is given by a diver- 
gent integral (over ip) or sum (over partial waves). The 
divergence can be handled and the result seems to be 
reasonable: it agrees with the derivation based on the 
momentum balance 

The purpose of this paper is to reconsider the problem. 
The main idea is that the difficulties and ambiguities are 
due to the combination of two factors: (i) the infinite 
range of the vector potential; of the AB-line; and (ii) 
the infinite extension of the incident plane wave in the 
Aharonov-Bohm solution, allowing absolute resolution in 
the direction of propagation. The plane wave solutions 
are not suitable for extracting physics from them because 
of the forward scattering singularity. Instead, one should 
analyze beams with a finite angular size. Then, the sin- 
gularity at ip — is regularized in a natural way. 

The paper is organized as follows. First, to check the 
very existence of the transverse "Lorentz force" , I analyze 
the gedanken experiment where an incoming beam of a fi- 
nite effective width W hits an AB-line and the deflection 
of the beam measures the magnetic force exerted by the 
line. The calculations are done in paraxial approxima- 
tion H . At the expense of fine details on the scale of the 
wave length A, the paraxial approximation allows one to 
find rather easily the wave function for small scattering 
angles at distances 3> A. As expected from the symme- 
try arguments, a finite deflection is observed. However, 
the deflection angle being ~ X/W tends to zero when 
the incoming beam transforms to an infinite plane wave, 
W — > oo (in agreement with the argument based on the 
symmetry of the cross-section). The transverse momen- 
tum transfer is found for arbitrary incoming wave, and 
the result is presented in terms of the effective force. To 
understand how the effect of many lines adds together, I 
consider a random array of the AB-lines, a model similar 
to that of Desbois et al. ||. On average, the anomalous 
asymmetric small- angle scattering amounts to an effec- 
tive magnetic field proportional to the density of lines. 
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The kinetic equation and the resistivity tensor, as well as 
the Landau quantization are discussed. Implications of 
the results are discussed at the end of the paper. 

Consider the experiment where a particle of mass to, 
charge e and momentum p = Tik = h/X moves on the 
x — y plane in the cc-direction from — oo and meets the 
Aharonov-Bohm line piercing the plane at r = 0. The 
distribution with respect to the transverse coordinate y is 
measured, and the averaged value y(x) defines the "tra- 
jectory" from which the deflection of the particle by the 
AB-line is extracted. To make the transverse coordi- 
nate meaningful, the stationary incident wave is beam- 
like with a finite transverse size W 3> X (e.g. a wave 
having passed through an aperture of the width W). 

In the paraxial theory |^| , a particle moving at a small 
angle to the x— axis is described by the wave function of 



the form \P 



d 2 ip 



:x Vi where tp(x,y) is slow, <C k\tp\. 
<C in the stationary Schrodinger 



Neglecting 

equation, one comes to the paraxial equation: 
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ivd x <if> = -—d y ip 



(2) 



where the velocity v = fik/m and d = TiV — i-A, A 
being the vector potential chosen below as A y = and 
A x = -$5(x)9(y). 

The incoming wave, ij)(x < 0, y), is controlled by con- 
ditions of the experiment such as screens, apertures etc. 
Leaving the preparation of the incoming wave out of the 
picture, ip(x = — 0, y) = ipin(y) can be taken as the input 
to the scattering problem. Solving Eq. (|2|) in the immedi- 
ate vicinity of the line x = 0, where the vector potential 
is concentrated in the chosen gauge, one finds 

^(+0, y) = ^ in (y) exp ( - 2™$%)) . (3) 

Further propagation is free, and the outgoing wave is 



i>(x,y) 



dy'G (y-y';x)il;{+0,y') , x > 0, (4) 



where Go(y; x) = 9(x) 



e 2" ! 



Or, using Eq.(|), 



e l7r3 V(x,y) = cos 71-$ ip (x,y) 



(py/x/2X. (When s varies, ip(s) defines a curve on the 
complex ^-plane. One can show that the curve is noth- 
ing but the well-known Cornu spiral , somehow scaled 
and shifted; the curve length along the spiral is propor- 
tional to s.) At \s\ ^> 1, i.e. \tp\ ^> W~X/x, the wave func- 
tion acquire the asymptotic form usual for a scattering 
problem; the corresponding scattering amplitude oc 1/ip 
giving raise to the AB cross-section in Eq.(Q) (ip <C 1). 
In the forward direction y = s = the second term in the 
r.h.s. of Eq.(j|) vanishes, and, in agreement with |p[pr|. 
\tjj\ 2 = cos 2 7r$, whatever distance from the AB-line. The 
anomalous behaviour when the wave function differs from 
the incident wave and at the same time does not depend 
on the distance to the scatterer, takes place at \s\ < I in 
the progressively narrow angle range \ ip\ < \JX/ x. This is 
the singularity which causes calculational problems in the 
standard partial wave analysis of the scattering theory. 
Obviously, the singularity is absent when the direction 
ip = is "blurred" as it is the case if the incident beam 
is of a finite angular size. When regularized, the forward 
scattering anomaly turns out to be responsible for the 
asymmetry in the AB-scattering as it is shown below. 

A finite width beam ipin(y) = exp(— |j/|/W), generates 
at x ^> W 2 /X the following angular distribution, P(f), 
in the outgoing wave (P(ip)dip = x\ip\ 2 dip): 



+isin7r$ / dy 1 G {y-y';x)j-il} m {y') , x>Q, (5) 
J-oo \y\ 

where i/j (x, y) = dy' G (y - y'; x)ip in (y') is the so- 
lution in the absence of the line. 

Given the incoming wave ipi n (y), Eqs.(^) or Eq.(||) al- 
lows one to find the outgoing wave at x 3> X in the small 
angle region \ip\ <C 1, p = y/x. 

For the infinite plane incident wave, i.e. tpm(y) = 
"4>o{x,y) = 1, Eq.(|J) immediately gives (up to a gauge 
transformation) the Aharonov-Bohm solution at \ip\ <C 1 
Q , thus confirming the validity of the paraxial approxi- 
mation. The paraxial solution il>(x, y) depends on the co- 
ordinates x and y only in the combination s = yj \j2Xx — 



PW) = 



2X (if Sm7T<I> — ipo C0S7T<1>) / 

~ (^ 2 + ^o) 2 



x^>W 2 /X, (6) 



ipo = X/W <C 1 being the beam angular width. As ex- 
pected, the angular distribution is regular at ip — 0. Im- 
portantly, if ipo 0, the distribution is asymmetric at the 
angles, \tp\ < tpo- To quantify the asymmetry in general 
case, I calculate below the integral effect i.e. the deflec- 
tion of the beam as a whole ("the trajectory bending"). 

The transverse position of the particle at a given x is 
defined as y = dy y\ip(x,y)\ 2 , and the angle of prop- 
agation is (p = dy/dx. It follows from Eq.(0) (analogous 
to the Ehrcnfcst theorem) that dy/dx — (py)/mv, p y be- 
ing the kinematical momentum. In the chosen gauge, 
(Py)out = J^ oc dy^*(x,y)i-§^ip(x,y) with ^(x,y) given 
by Eq.(||). In the force free region, (p y ) ut does not de- 
pend on x, and the integral can be conveniently calcu- 
lated at x — ► +0 using Eq. (J||) . The deflection angle Aip = 
•Pout - <Pin is Acp = Apy/p where Ap y = (p y ) out - (p y ) in , 
After simple calculation Jl^ ], 



Ap y = -?i|V>in(0)| 2 v sm27r<l , 



(7) 



where \^ n (0)\ 2 N = l^in(0)| 2 / (f^dytyin 

We see that indeed the AB-line deflects particles asym- 
metrically, with the left-right asymmetry Aip = Ap y /p 
controlled by parity-odd $. One could naively expect 
the asymmetry thinking in terms of the classical Lorentz 
force exerted by the magnetic field "inside" the line. 
However, in contrast to the classical expectations, Aip 
is not proportional to the field strength but is periodic in 
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revealing a quantum origin of the effect. In agreement 
with general arguments [0, the deflection Eq.(0) is finite 
only if ipi n (0) ^ 0, i.e. the incoming wave must overlap 
with the line. 

From the estimate W / |V'in(0)|^r ~ 1 and Eq.(m), deflec- 
tion Atp is of order and never exceeds the beam angular 
size tpo ~ ^/W, supporting the conclusion made from 
Eq.(g). This means that the transverse effect cannot be 
discussed in terms of the scattering amplitude: Within 
the cone \tp\ ~ tp Q , the scattered and incoming wave in- 
evitably overlap and the split of the wave into incoming 
and scattered components is rather arbitrary. Besides, 
the forward scattering is singular and, as was discussed 
by Berry et al. 11 one should deal with the full wave 
function, which is regular in the forward direction, rather 
than split it into two singular parts. 

Instead, one may use the description in terms of the 
S-matrix: F out (tp) = dtp'S(tp, tp')F in (tp'), with the 
amplitudes F's defined in the momentum representation, 

/>oo 

i>= / dpF m/out (p)e lk ^-^ k ^\x <0/x>0. (8) 



It follows from Eq. 
form of 



), that S(tp, tp') is the Fourier trans- 



S(y, y') = S(y - y') exp(-27ri$%)) • exp(%'|) 

where the last factor with a regularization parameter 
5 = +0 is introduced with the understanding that the 
incident wave has a finite extension in the y-direction. 
Finally, S'-matrix reads 
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S(tp, tp') = S(tp - (p')-\ — sin-7r<I> — 



tp' — tp + iS 



6 = +0 



(9) 



S(tp, tp') is unitary, its overall phase is gauge-dependent. 

For an incident wave with physically reasonable 
Finitp), this regularized expression for the S— matrix 
gives the outgoing wave F out (tp) = SF in (tp) finite and 
smooth at any angle: 



1 



e F out (p) = cos7r$ F in {tp) + - sin7r$ f dtp 



, F in (tp') 



tp' -tp 



(10) 



where -f denotes the principal value of the integral. Com- 
ing from the 8— function contributions in the S— matrix, 
the first term in the r.h.s. gives a modified incident wave, 
attenuated and with a phase shift (gauge dependent). 
The second term reproduces the AB-scattering in the 
limit of small scattering angles. 

It is clear now that the left-right asymmetry in the 
outgoing intensity |-F oll i| 2 may come only from the inter- 



ference of the two terms in Eq.(10): The cross product is 
the only contribution to l-Foutl 2 with the magnetic sym- 
metry, i.e. odd relative to $ — * — $. Obviously, the 



magnetic interference piece is present only at the angles 
where Fi n (tp) ^ i.e. of order of the angular width of 
the incident wave \tp\ ~ X/W . Loosely speaking, the 
asymmetry and the magnetic force exerted by the AB- 
line originates in the interference of the scattered and 
incident waves. 

Qualitatively similar physics was conjectured in Ref. 
p3[ . Importance of "auto- interference" was emphasized 
in Ref. [14j in the context of the time-dependent prob- 
lem of scattering of a wave packet by the Aharonov-Bohm 
line. 

The AB-scattering is an interesting example when the 
forward scattering singularity is not just a nuisance, as in 
the Coulomb scattering case, but it is totally responsible 
for a qualitative effect - the asymmetry in the scattering. 



In Eq.: 



Ap y is the transverse momentum transfer 



per collision. Multiplying it by the collision rate N, one 
gets a combination, F y = Ap y N, which has the mean- 
ing of the force acting on the charge from the line. The 
collision rate is found as N = J x oo dyj x (x,y), j x being 
the current density. In the paraxial approximation j x — 
v\ip\ 2 , and using Eq.(^) the force T y — — fov\ip(0)\ 2 . In 
terms of the full wave function ty in (x,y) = e lkx ifji n (x,y) 
the effective "Lorentz force" reads in the vector form as 



T L = ftsin27r$ (J m xe 2 



fill 



where J i n is the current density in the incident wave at 
the position of the line: J in = A ^* n V^ in \ r=0 . 

Eq.(pd|) is in agreement with earlier results Jl5| , p^| ,p[ 
where the force was extracted from (divergent) sums in 
the partial wave analysis. In passing, if one uses wave 
packets built from the exact AB-solutions, the sums be- 
come converging and the doubts in || concerning results 
of p|. |l5| , ^3t can be readily rejected. 

The deflection in Eq.(Q) or the force in Eq.(pl]) are 
dependent on the details of the wave-packet. A more 
simple picture emerges when the charge sees many lines 
and the structure details tend to average out. I consider 
a model of an AB-array where the position of a line and 
its flux are random; the density of the array is dAB ■ After 
averaging with respect to the randomness in the array, 
one comes to the Boltzmann-type equation for the dis- 
tribution function n v (j>, r); p — \p\ and tp shows the ori- 
entations of the particle momentum p. The Boltzmann 
equation, the derivation |rij| of which will be presented 
elsewhere, reads 



v • Vn 



eB drip 1 f 2rr dtp' (n v - n v >) 
2^ Jo sin 2 S 



= (12) 



where 

1 _ 2h 



d AB (sin 2 ^) , B = d AB ^(sin2^), (13) 



here < . . . > denotes the averaging over the probability 
distribution of the flux of a line. 
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The structure of the kinetic equation Eq. ( |12| ) is rather 
obvious. The collision integral part corresponds to the 
picture where the AB-lines play the role of impurities in- 
dependently scattering particles in accordance with the 
cross-section in Eq.(Q). The divergence of the scattering 
rate at is unimportant for kinetics as long as the 
transport scattering time ( = tab) is finite. Accounting 
for the left-right asymmetry in the forward scattering, 
B in Eq.(|l2|) enters like a magnetic field. The bending 
of the trajectories and the expression for B Eq.(^3|) can 
be understood from Eq.(j7j) or Eq.(pT|) if one sums up 
the transverse momentum acquired in sequential multi- 
ple collisions. 

If typically $ < <& , then B w B z , where B z = oIab(^) 
is the macroscopic magnetic flux density. In this limit, 
the AB- array is equivalent to Gaussian 8— correlated ran- 
dom magnetic field. If $ ~ <3>o, the behaviour is essen- 
tially non-Gaussian: Unlike induction B Zl the effective 
field is a periodic function of the flux. As expected, inte- 
ger and half- integer |t]|13| fluxes do not contribute to B. 
For a general distribution in $, B and B z may be in any 
relation. Remarkably, B and the Lorentz force may be 
finite even if macroscopic induction B z = and, V and 
time-reversal symmetries are macroscopically preserved. 

Seeing that Eq. (H) has the standard form and 1 / tab 
and B are energy independent, one can immediately 
write down the (Drude) resistivity tensor: p~£ = 
e 2 NoTAB /tn, No being the particle density, and p yx = 
(ft c T AB )p xx where £l c = eB/mc (see also fl3|||). For the 
Hall angle Oh, one gets tan(9# = VI c tab =< sin 271"$ > 
/2 < sin 2 7rl> >. In particular, 



tan 9h = cot 7r$ 



(14) 



if the lines have same flux $. 

The large 9h when $<Cl, indicates that the particles 
move along the Larmor circles. The Landau-type quan- 
tization of the periodic motion is then expected. In the 
semiclassical approximation, the oscillations in the den- 
sity of states Sp osc (E) oc e -7 cos(27r£'/?if2 c ) in a random 
Gaussian magnetic field have been considered by Aronov 
et al. pl| (see also Desbois et al. M). Adjusting [ pj| |, the 
damping parameter reads 
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2tt E 



^cT A£ 



2 A oIab 



(15) 



Note that in the semiclassical situation, E ^ hfl c , the 
damping is strong even when SI c tab > 1 and the periodic 
Larmor orbiting is well pronounced. Specific to the ran- 
dom magnetic field environment, the damping Eq.(|l5|) 
increases with the energy E: Similar to inhomogeneous 
broadening mechanism, the damping here is due to the 
fluctuations in the number of the AB- lines threading the 
Larmor circles, the area of which increases oc E. 

In conclusion, I have reconsidered the problem of the 
scattering by the gauge vector field of the Aharonov- 
Bohm line. It has been demonstrated that the difficul- 
ties in the previous calculations, ultimately related to 



the infinite range of the vector potential, can be avoided 
if one deals with a beam of a finite transverse size W 
rather than a infinitely extended plane wave. As al- 
lowed by the low symmetry of the problem, the mov- 
ing charge is asymmetrically deflected by the line (pro- 
vided the incident wave overlaps with it) despite the 
fact that the Aharonov-Bohm scattering-cross section is 
symmetric. The asymmetry in the angular distribution 
may be attributed to the interference of the incident and 
scattered waves, and it exists only at the scattering an- 
gles of order of the angular width of the incident wave 
ipo ~ X/W. The derivation is done in the framework of 
the paraxial approximation which proves to be very effi- 
cient. The magnetic "Lorentz force", i.e. the transverse 
momentum transfer, has been calculated. Earlier results 
in fll5||l^Jl3| ,|6| are confirmed. For an arbitrary incoming 
wave, the "Lorentz" force Eq.([ll]) acting on the charge 
is expressed via the current density in the incident wave 
at the position of the line. 



The AB-problem solves also the problem of the scat- 
tering of a phonon by the superflow around vortex line 
in He — II. The superflow is not a gauge-field, and the 
equivalence holds only in the lowest approximation with 
respect to the vortex circulation k. The "Lorentz force" 
oc $ acting on the charge translates [16| as the (minus) 
force oc n acting on the vortex line, the Iordanskii force 
H . The very existence of the Iordanskii force has been re- 
cently doubted on the grounds of hardly verifiable general 
arguments Q] as well as claiming || a technical mistake 
in the previous works on the subject. The present calcu- 
lations, which are free from divergences and ambiguities 
of some earlier papers, support the existing understand- 
ing on the Iordanskii force in Helium-II pjl^fl and its 
role in the vortex dynamics. 



Finally, a random array of AB-lines has been consid- 
ered. The resistivity tensor as well as Landau quantiza- 
tion in the array has been discussed. The array with typ- 
ical flux in a line ~ <I>o gives an example of random mag- 
netic field system with non-Gaussian fluctuations. An 
interesting observation here is that the effective Lorentz 
force seen by a charged particle in the array as well as the 
Landau quantization may persist even when the macro- 
scopic flux density is zero. 
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